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Research Motivation

Introduction to the Problem
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Research Motivation

Significance of Fixed-Point Arithmetic
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Cited from Horowitz, Mark “1.1 Computing’s Energy Problem (and what we can do about it)”. ISSCC 2014
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• Goal: explore the required bit width of fixed-point number to maintain the precision in trajectory planning

• Constraints

• Precision loss to ±2 cm (identical to the precision loss of LiDAR)

• Plan trajectory in 50 meters within 3 seconds

Research Motivation

Constraint and Goal
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Approach

Frenet Optimal Planner
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Approach

Frenet Optimal Planner
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Approach

Cubic Spline
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With boundary conditions:
• 𝑥𝑖 = 𝐹𝑖 (𝑠𝑖) and 𝑥𝑖+1 = 𝐹𝑖 (𝑠𝑖+1) 

• 𝐹𝑖(𝑠𝑖+1) = 𝐹𝑖+1 (𝑠𝑖), 𝐹𝑖
′(𝑠𝑖+1) = 𝐹𝑖+1

′ (𝑠𝑖)

and 𝐹𝑖
′′(𝑠𝑖+1) = 𝐹𝑖+1

′′ (𝑠𝑖)

•  𝐹0
′′(𝑠0) = 0 and 𝐹𝑛

′′(𝑠𝑛+1) = 0
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Approach

Cubic Spline
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How to avoid using 

matrix libraries ?
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Approach

Thomas Algorithm
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Forward sweep:

𝑐𝑖
′ =

𝑐𝑖

𝑏𝑖
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𝑏𝑖 − 𝑎𝑖𝑐𝑖−1
′

𝑖 = 1,

𝑖 = 2,3, … , 𝑛 − 1
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′ =
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𝑑𝑖 − 𝑎𝑖𝑑𝑖−1
′
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′

𝑖 = 1,

𝑖 = 2,3, … , 𝑛 − 1

Backward sweep:

𝑥𝑛 = 𝑑𝑛
′

𝑥𝑖 = 𝑑𝑖
′ − 𝑐𝑖

′𝑥𝑖+1,    𝑖 = 𝑛 − 1, 𝑛 − 2, … , 1

O(n³) ->O(n)
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Approach

Quintic and Quartic Polynomial
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Parameter for boundary conditions: 𝑥𝑠, 𝑥𝑒, 𝑣𝑠, 𝑣𝑒, 𝑎𝑠, 𝑎𝑒

Parameters for boundary conditions 𝑥𝑠, 𝑣𝑠, 𝑣𝑒, 𝑎𝑠, 𝑎𝑒

d 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 + 𝑎3𝑡3 + 𝑎4𝑡4 + 𝑎5𝑡5

d 𝑡 = 𝑎0 + 𝑎1𝑡 + 𝑎2𝑡2 + 𝑎3𝑡3 + 𝑎4𝑡4
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Experiment

Cubic Spline
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Boundary conditions:

• 𝑥𝑠, 𝑥𝑒 ∈ −50,50 and 𝑦𝑠, 𝑦𝑒 ∈ −50,50 , 

• 𝑣𝑠, 𝑣𝑒, 𝑎𝑠, 𝑎𝑒 = 0 rndRefPoint()

Cubic Spline

getInterPoint()

𝑥𝑖 and 𝑦𝑖

Floating-Point

Arithmetic

Fixed-Point

Arithmetic

Same 

functionality 

but with Int64
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points with ∆𝑠 = 0.2m
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Experiment

Quintic Polynomial
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Boundary conditions:

• 𝑑𝑠, 𝑑𝑒 ∈ −10,10 m 

•  𝑣𝑠, 𝑣𝑒 ∈ −40,40 m/s

•  𝑎𝑠, 𝑎𝑒 ∈ −20,20 m/s²

Quintic 

Polynomial

rndBCP()

𝑑𝑖

Get intermediate 

points with ∆𝑡 = 0.1s

Physical limit of 

sports cars
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Experiment

Frenet Optimal Planner
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rndRefPoint()
Quartic 

Polynomial

Quintic 

Polynomial

𝑥𝑖 and 𝑦𝑖

Cubic Spline toWCS()

rndBCP()

Boundary conditions:

• Trajectories within 50 meters and 3 seconds
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Experiment

Implementation
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https://johnmcfarlane.github.io/cnl/
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Experiment

Implementation
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Results

Bit Width For Fraction
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Why so 

many bits 
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?
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Results

Bit Width For Integer
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730 10 Bit 21 Bit+ 1 Bit+

Integer Fraction Sign

Int_32_21

Maximum Value

𝑑′′′ 𝑡 = 4𝑎3 + 24𝑎4𝑡 + 60𝑎5𝑡2
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This study 

• explores the applicability of fixed-point arithmetic for trajectory planning

• analyzes how the fractional bit width of fixed-point numbers affects precision loss in trajectory planning

• propose to use Thomas algorithm to decouple the dependency of external matrix-library

• propose to use int_32_21 fixed-point representation to maintain a precision loss within 2 cm for a 50 

meters-trajectory within 3 seconds

Summary

19
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